Solving “Longest common
subsequence” problem using
Dynamic programming



« Biological applications often need to compare the
DNA of two (or more) different organisms. A strand
of DNA consists of a string of molecules called bases,
where the possible bases are adenine, cytosine,
guanine, and thymine Representing each of these
bases by its Initial letter, we can express a strand of
DNA as a string over the 4-element set {A,C,G,T}.



* For example, the DNA of one organism may
be,

§; = ACCGGTCRAGTGCGCGRAAGCCRRCCGAA, and leD\Hﬂf ]161 Orgal
isim may be §; = GTCGTTCGRAATGCCGTTGCTCTRTARA

One reason to compare two strands of DNA is to determine how
similar the two strands are, as some measure of how closely
related the two organisms are. We can, and do, define similarity in
many different ways. For example, we can say that two DNA
strands are similar if one is a substring of the other.
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We formalize this Last notion of simalanity as the longest-common-subsequence
problem. A subsequence of a gwven sequence is just the grven sequence with 0 or
more elements left out, Formally, ven a sequence X = (xy,xy,..., 1, another
sequenee £ = (7), 2y, Zg) 15 2 subsequence of X 1f there exists a strielly
NGTEASING Sequence {iyig,.... It ofmdices of X suchthatforall j = 1,2,.... .k,
we have X =1 For example, Z = (B, C, D, B) 15 a subsequence of X =
(4.B,C.B,D, A, B with comresponding mdex sequence (2,3,3,7).
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LCS contd..

(aven two sequences X and V', we say that a sequence Z 15 a common sub-
sequence of X and ¥ 1f Z 15 a subsequence of both X and V. For example, if
X=(AB.CBDAB)amdY =(B,D,C,A B, A),the sequence (B,C,A4)1s
a common subsequence of both X' and Y. The sequence (B, C, 4) 1s not a longest
common subsequence (LCS) of X and Y, however, since 1t has length 3 and the
sequence (B, C, B, A), which 15 also common to both sequences X and ¥, has
length 4. The sequence (B, C, B, A) 15 an LCS of X and ¥, as 15 the sequence
(B,D, A, B),smce X and ¥ have no common subsequence of length 5 or greater.

[n the longest-common-subsequence problem, the mput 15 two sequences X =
(X1, X9, ..., X)) a0d ¥ = (¥, ¥a,..., V). and the goal 15 to find 2 maximum-
length common subsequence of X' and Y. This section shows how to efficiently
solve the LCS problem using dynamic programmuing.
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Step 1: Characterizmg a longest common subsequence

You can solve the LCS problem with  brute-force approach: enumerate all subse-
[ PP
quences of X and check each subsequence to see whether it 15 also 2 subsequence

of I, keepmg track of the longest subsequence you find. Each subsequence of X
corresponds to a subset of the 1ndices {1,2,....,m} of X', Because X has 2" sub-

sequences, this approach requires exponential time, makine it mpractical for long
SEqUGIEES.
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The LCS problem has an optimal-substructure property, however, as the fol-
lowing theorem shows. As we'll see, the natural classes of subproblems corre-
spond to pairs of “prefixes” of the two input sequences. To be precise, given a
sequence X = (X, X3,...,X,). we define the ith prefixof X.fori =0,1,...,m.
as X; = (x1,X2,...,X%;). Forexample, f X = (4, B,C, B, D, A, B). then
Xys= (A, B,C, B) and X, 15 the empty sequence.

Theorem 14.1 (Optimal substructure of an LCS)

Let X = {x,%3,..., %) and ¥ = (y;, y3,..., yn) be sequences, and let Z =
(z1.22,...,2k) beany LCSof X and Y.

1. It xp = yn.thenzp = Xy = ypand Zx—y 1san LCS of Xy and ¥,y .
2. lfxpm # ypand 2x # xpp.then Z 1san LCS of Xy and V.
3. Ifx,, # ypand 7 # y,.then Zisan LCSof X and ¥,,_;.
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Step 1: A recursive saluﬁmnl

Theorem 14.] mples that you should examume either one or two subproblems
when findimg an LCS of X = {1y, 1y, ., k) and ¥ =y i) I
Xn = Y. vou need to find an LCS of Xy and -y, Appendig x,, = y, 0
this LCS yields an LCS of X and Y. If x,, # ,,, then you have to salve two
subproblems; finding an LCS of X,,; and ¥ and findimg an LCS of X and 1.
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Whichever of these two LCSs 15 longer 15 an LCS of X and ¥. Because these
cases exhaust all possibilities. one of the optimal subproblem solutions must appear
within an LCS of X and V.

The LCS problem has the overlapping-subproblems property. Here's how. To
find an LCS of X and V. vou might need to find the LCSs of X and ¥,,_; and of
X,,_1 and Y. But each of these subproblems has the subsubproblem of finding an
LCSof X, and ¥, ;. Many other subproblems share subsubproblems.

As 1n the matrix-chain multiplication problem. solving the LCS problem recur-
sively mvolves establishing a recurrence for the value of an optimal solution. Let’s
define ¢[i, j| to be the length of an LCS of the sequences X; and Y;. If eitheri = 0

or j = 0. one of the sequences has length 0. and so the LCS has length 0. The
optimal substructure of the LCS problem gives the recursive formula

0 ifi =0o0rj =0,
cli.jl=4{cli—=1,j—1] +1 ifi,j >0and x; = y;, (14.9)
max{cli,j —1],cli =1, 7]} ifi,j >0andx; #y;.
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Step 3: Computing the length of an LCS X =(A,B,C,B,D,A,B)and Y = (B,D,C, A, B, A).

LCS-LENGTR(X, ¥ m.n)

L leth{l:m,1:n) ande[0:m, 0:n] be new tables

! fori =1tom

b i =0

4 forj =0ton

5 ¢f0j] =0

6 fori =Ttom Jf compute table entmes m row-major order
for j = I ton

5 £y ==y,

; dij]=cfi-1j-1+]

0 bi jl =N’

1 elsetfefi - 1. j] = ci, j =]

1 elij] =cli=1,)]

bli, j] =t
4 elsecfi j] =cli,j 1]
5 bli, j| = "

6 returne and b
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PRIVELCS(h, X i, )

'. iff::ﬂ'ﬂl'j::ﬂ

I 1 Jf the LCS has length 0
VAEHi )=

4 BNELOMb X,i-1,)-1)
5 pnty, Jf same 3 y,
i elserfbli, ] =="1"

1 BNELOb X, 1))
5 else PRINT-LCS(b, X, j - 1)

Step4: Constructng an LCS

1Vith the b tabl rfurmed by LCS-LENGTE, vou can quckly construct an LC3 of
Y=t b mdl = {y ), )Bfmnatb[m o] and race throngh

te t2bl by followms the arows; Eafh \ encounieted I an enty A, | m-
ples that x, = ; 15 an element of the LCS that LCS-LENGTH fownd. This

method g you the elements of ths LCS i reverse order. The recusie pro
et EIVTLCS prts out 2 LG of X and ¥ 1 the proper, forwrd order
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R s s e PRIT-LCS(h, X i, )

o Aol ool sl ol el s '.if'==ﬂ'i}Ij==ﬂ

. Tt 1~ [~ 1 retum Jf the LCS has leneth 0
el o] o] o] 1|=1] 1 -

s B -5&11—1*—1 “{'H”__ :-I“?[I,j]n\ | |

N ER R ¢ BRELCS(,i =1,

PO Y A A 5 pty, Jf same s y,

o LU s =

N Y I I 1 BRNELCS(bX,i- 1))

s o™ AN 3] t ehe PRITLCS(h X i, j - 1)

Firure 148 The ¢ and I tables computed by LES-LEMGTH on the sequences X = (A4, B, O, 8B,

DA ByandY = {8, D C, A B A). The sguare mrow § and colunm § comtains the value of ¢4, J)
and the appropriate atrow for the value of B[f, j]. The entry 4 in ¢ [V, 6] —the lower ripht-hand comer
of the table—is the length of an LCS (8, C, B, Ay of X and ¥ . For 4, j = O, entry ¢, j] depends
only on whether x; = y; and the values inenmies cff — 1, j].clf, j — 1], amd gfi — 1, j — 1], which
are computed before ¢, j]. To recomsouct the elemerns of an LCS, follow the B[d, ] ammows from
the lowwer right-hand comer, as shown by the sequence shaded blue. Each ™.~ on the shaded-blue
sequence commesponds (o an enoy (highlighted) for which x; = y; is a member of an LCS.

The procedure takes O(m+n) time, since it decrements at least one of i and j in each recursi
call.
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