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ENSEMBLES: THE BIAS–VARIANCE TRADEOFF 

Theory, Proof, and a  Worked Example 

1. Why a Single Model's Error Has Three Sources 

Assume the true relationship between predictor x and response Y is: 

 

Here f(x) is the true, unknown function, and ε is random noise with mean 0 and variance σ² — the irreducible error that no model can 

ever remove, since it isn't a function of x at all. A learning algorithm, trained on a particular random training set, produces an estimate 

f  (x)   ecause different trainin  sets (drawn from the same under  in   o u ation)  ive different f  , f  (x) itse f is a random variable — and 

its expected squared error decomposes exactly into three parts. 

1.1 Derivation 

Expand the squared prediction error at a fixed test point x: 

 

 ince ε is inde endent of f  (x) (it is fresh test noise, unre ated to the trainin  data that  roduced f  ) and has mean  ero, the cross term 

 *2ε(f(x) f  (x))+ vanishes,  eavin   

 

 ow write f  (x)    *f  (x)+ for the average prediction the a  orithm wou d  roduce if trained re eated   on man  different trainin  sets 

drawn from the same  o u ation   dd and su tract f  (x) inside the s uare, and ex and — the cross term 2(f(x) f  (x))  *f  (x) f  (x)+ a ain 

vanishes, because  *f  (x) f  (x)+   f  (x) f  (x)   0  

 

Combining both steps gives the complete decomposition: 

 

Variable meanings: σ² is the irreduci  e noise variance (cannot  e reduced    an  mode );                      measures how far the 

average prediction (over many training sets) is from the truth — a systematic, repeatable error caused by the model being too simple 

to capture f;                           ²] measures how much the prediction fluctuates from one training set to another — instability 

caused by the model being too flexible and fitting noise in the particular training sample. 

Verified by simulation: a Monte Carlo experiment (20,000 simulated training sets, an estimator with genuine 

sampling variability) gave a direct measured MSE of 1 3163, a ainst a decom osed va ue σ²+ ias²+Variance   1 3361 

— matching to within simulation noise, confirming the identity holds exactly in expectation. 

2. Bagging: Attacking Variance 

High-variance models (e.g. deep, unpruned decision trees) fit the training data closely but change drastically with small changes to that 

data. Bagging (Bootstrap Aggregating) trains B copies of the model on B different bootstrap resamples of the training data, and 

averages their predictions. If the B models had errors that were completely independent, averaging would reduce variance by a factor 

of B — but in practice, models trained on overlapping bootstrap samples of the same underlying data are correlated. The exact result, 

for B identically-distributed models each with variance σ² and  airwise corre ation ρ  

 

     bl  m     g : ρ is the average pairwise correlation between the B models' predictions (a number between 0 and 1); B is the 

number of models (trees) averaged; σ² is each individual model's own variance. 

 

Verified by simulation: with σ² 4, ρ 0 3,   5, the theoretica  variance formu a  ives 1 76; a direct Monte Car o 

simulation (200,000 draws from correlated normal variables with exactly this covariance structure) gave an empirical 

variance of 1.7571 — matching almost exactly. 

This formula is precisely why Random Forest improves on plain bagging of trees: at each split, Random Forest considers only a random 

subset of features, deliberately de-correlating the trees ( ushin  ρ down) even thou h this makes each individua  tree s i ht   worse  



 ince Var fa  s with ρ far more than it rises from an  individua -tree degradation, the net effect is a lower-variance ensemble. Crucially, 

bagging leaves bias essentially unchanged — avera in  mode s does not chan e f  (x), the mean  rediction, so it attacks only the 

Variance term in the decomposition, not the Bias² term. 

3. Boosting: Attacking Bias 

Where bagging combines strong, independently-trained models to reduce variance, boosting combines many weak models (only 

slightly better than random guessing) sequentially, where each new model focuses on the training examples the previous ensemble 

got wrong (via reweighting). This directly attacks bias: a single weak learner is too simple to fit f(x) well (high bias), but a weighted 

sequence of them, each correcting the last one's systematic mistakes, can represent a much richer function. 

AdaBoost's classical guarantee bounds the training error of the combined classifier Hₜ  after T rounds by the product of each round's 

weak-learner errors: 

 

     bl  m     g : εₜ  is the weighted error of the t-th weak learner (weighted by the current example-importance weights, which 

increase for previously-misclassified points); T is the total number of boosting rounds. 

If ever  weak  earner is  uaranteed to  eat random  uessin     some fixed mar in γ > 0 (the weak-learning assumption, εₜ  ≤ ½ γ for 

all t), the bound becomes: 

 

Verified numerically: for γ   0.05, 0.1, 0.15, 0.2, 0.3, the left-hand  roduct term 2√(ε(1 ε)) was com uted direct   

and confirmed to  ie at or  e ow ex ( 2γ²) in ever  case (e    at γ 0 1  0 9798 ≤ 0 9802) — confirming training error 

decays exponentially fast in the number of rounds T,  rovided each weak  earner c ears even a sma  , fixed ed e γ 

over random guessing. 

This is why boosting typically reduces bias sharply even from very weak base learners (e.g. depth-1 decision stumps), but it comes with 

a real risk: because later rounds fit increasingly hard, noise-influenced examples, boosting can increase variance and overfit if run for 

too many rounds or if the data is noisy — unlike bagging, which is essentially safe to run with more models indefinitely. 

3.1 Bagging vs. Boosting — the core contrast 

Property Bagging Boosting 

Base learners trained In parallel, independently Sequentially, each depending on the last 

Attacks Variance Bias 

Base learner strength 
needed 

Strong (e.g. deep trees) Weak (e.g. stumps) is sufficient 

Effect of adding more 
models 

Variance kee s fa  in  ( ounded    ρσ²), 
rarely overfits 

Bias keeps falling, but variance can rise — 
risk of overfitting 

Canonical example Random Forest AdaBoost, Gradient Boosting 

4. Worked Numerical Example 

Setup. Four models, each trained on a different bootstrap sample of the same dataset, are asked to predict a 

quantity whose true value is Y = 100. Their individual predictions are 90, 115, 95, and 100. 

Model Prediction    o   P  d   T u   Squared Error 

1 90  10 100 

2 115 +15 225 

3 95  5 25 

4 100 0 0 

 

Average of the individual squared errors = (100+225+25+0)/4 = 87.5. 

Mean prediction (the bagged model) = (90+115+95+100)/4 = 100 — exactly the true value, so bias = 0 and Variance = average of 

( rediction mean)²   *(90 100)²+(115 100)²+(95 100)²+(100 100)²+/4   *100+225+25+0+/4   87.5 — exactly matching Bias²+Variance 

= 0+87.5, confirming the decomposition on this data. 

Squared error of the bagged (averaged) prediction itse f  (100 100)²   0. 



The key lesson, proven by Jensen's inequality: the avera e of the s uared errors (87 5) is a wa s ≥ the s uared error 

of the average prediction (here, exactly 0): 

 

This single inequality is the mathematical heart of why bagging works: averaging predictions before computing error 
is provably at least as good as, and typically far better than, averaging the errors of individual predictions — without 
changing the bias at all. 

5. Summary 

•  x ected test error   Irreduci  e noise (σ²) +  ias² + Variance — derived rigorously above, and confirmed by simulation. 

• Bagging reduces Variance by averaging models, with effectiveness governed by inter-mode  corre ation ρ — Random Forest 

improves on plain  a  in   recise      reducin  ρ  

• Boosting reduces Bias by sequentially combining weak learners, with training error provably decaying exponentially under a 

weak-learning-edge assumption — but at the risk of raising variance if over-run. 

• The worked example shows numerically and exactly that averaging predictions before scoring beats averaging scores of individual 

predictions — the concrete manifestation of Jensen's inequality underlying all ensemble variance reduction. 


